Abstract. We prove that there are exactly six normal CM-fields of degree 32 with class number one. Five of them are composita of two normal CM-fields of degree 16 with the same maximal totally real octic field.
Introduction
All the normal CM-fields of degree less than 32 with class number one are known. In this paper we will prove the following:
( The structure of this paper is as follows. In Section 2 we review well-known results on relative class numbers of CM-fields which will be used later in this paper. According to [LOO, Lemma 2 (ii) ] a totally imaginary normal number field is a CMfield if and only if the complex conjugation lies in the center of its Galois group. A normal CM-field of degree 32 is a compositum of two normal CM-fields of degree 16 with the same maximal totally real octic field if and only if the center of its Galois group is not cyclic, and there are 44 non-abelian groups of order 32: 29 out of them have non-cyclic centers. We will study all of these 44 groups. In Section 4 we focus on such composita. Section 3 is devoted to the normal CM-fields of degree 32 that are not such composita of two normal CM-fields of degree 16 with the same maximal totally real octic field.
1) There is one and only one normal CM-field of degree 32 with class number one which is not a compositum of two normal CM-subfields of degree 16 with the same maximal real subfield: the narrow Hilbert class field of Q(
√ 5 · 29,√ 2)
Theorem 2.
(1) ([LO2 (6) ( [W] ) Let K be a CM-field of degree 2n over Q. Then (11) Let k be a real abelian number field of degree n ≥ 2. Then
If K/k is unramified at all the places, then
κ K ≤ µ m−1 k κ m k . Moreover,
if k is a real abelian field of degree n ≥ 2, then
µ k κ k ≤ log n d k 2 n+1 (n − 1) n−1 .(9)κ k ≤ log d k 2(n − 1) n−1 .
If k is a real quadratic number field and if ζ k has a real zero β in (
Proof. (5) (See [Ok, Lemma 14] ) Q M = 2 implies M = M + ( √ −η) with a totally positive unit η in M + . Thus N = N + ( √ −η), so Q N = 2 unless η = α 2 for some α ∈ N + . (8) The first assertion and the second one are Corollary 2 in [Lou5] . According to [R1] (see also [R2] ) for any primitive even character χ of conduct f we have |L(1, χ)| ≤ (log f )/2. Hence, the proofs of [Lou5, Theorem 11] or [Lou9, Theorem 9] now yield the third assertion. 32/42 , G 32/43 }, then h N is even.
Proposition 2. If G(N
+ /Q) is isomorphic to C 2 × C 2 × C 2 × C 2 ,
then h N is even. In particular, if G(N/Q) ∈ {G
Proof. Suppose the contrary. Since h N is odd and N is a non-abelian number field, G (N + 
where p i 's are primes with ≡ / 3 mod 4. Then N + is the Hilbert 2-class field of k = Q( √ p 1 p 2 p 3 p 4 ) and the 2-class field tower of k has length one. According to [BLS, Corollary 2] the 2-rank of cl(k) is ≤ 2 which contradicts the fact that G(N + /k) cl(k) C 2 ×C 2 ×C 2 . (N/Q) . We will show that N/ a 2 cannot be unramified at all the finite places.
Proposition 3. If G(N/Q) ∈ {G
We observe that the subgroup generated by the elements of order 2 in G(N/Q) is b, acb, cab which is a group of order 16 isomorphic to the group of type 16/8 designated in [TW] (or named G 9 in [JL] ). According to Lemma 2, N/ a 2 cannot be unramified at all the finite places and h
. We observe that the subgroup generated by the elements of order 2 or 4 in or G 32/48 . By the same argument as in (1), it follows that h Let K ab (K ab , respectively) be the maximal extension of K (K , resp.) contained in L which is abelian over K (K , resp.) 
−→
I m Here, Ver means the transfer map.
Proof. See the functorial properties of the reciprocity map in [S, Ch. XI §3] . (See also [Mar] or [N, Ch. II and IV] .) (G 32/17 ) = a and C (G 32/32 (G 32/32 
which is a contradiction.
We will prove the following: G 32/26 and h N = 1 if and only if
We proceed as follows. First, we prove that if h N = 1, then
where p i 's are primes ≡ / 3 mod 4. Second, we find a C such that if ( (K) and N = Hil nar (K) . Note that
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From now on p 1 , p 2 , and p 3 denote distinct primes ≡ / 3 mod 4 satisfying (
) has class number one for i = 1, 2, and 3.
Proof. 
and N/ ab is unramified at all the finite places. 
From now on we assume that N is unramified over k = Q( √ p 1 p 2 p 3 ) at all the finite places and
By Theorem 2, points (7), (8), and (10),
by Theorem 2, point (9), we have ζ M (β N ) > 0 and there is a positive real number β such that β N < β < 1 and 
We improve the lower bound for h
, where
For these 510 triplets (p 1 , p 2 , p 3 ) we compute two lower bounds for h − N in (E) and (F) respectively, and then take the worse one. There are 467 out of these 510 triplets with h − N > 1. Finally, only 19 out of the remaining 43(= 510 − 467) triplets (p 1 , p 2 , p 3 ) satisfy cl (K) C 4 , where [KT] ). For these 19 triplets (p 1 , p 2 , p 3 ) we construct the primitive Hecke characters χ of order 8 on the narrow class group of K and evaluate L(0, χ) using the technique developed in [Lou7] and [Lou8] , where L(s, χ) is the Hecke L-function. According to [Lou8] we have h 0, χ) ). We verify that there is one and only one field K that has h
and L(0, χ) = 16 + 8 √ 2. Using the package [KT] we verify that
and h Hil(Q( 
Before starting the proof we observe that k 1 = cb, b 2 , k 2 = a, b , and k 3 = a, b 2 , c are the only quadratic subfields of N . Note that G( 
and
, we get
and h
14 . (However, we can obtain N ≥ 0.978 and h
Part 2: We claim that
where 
Part 3: Suppose that h N = 1. We claim the following:
(More precisely, it will be verified in the proof of point (iv) below that p = 2 or p ≡ 1 mod 8.) The ramification indices of p and q in N/Q are 4 and 2, respectively.
(ii) Without loss of generality we may assume that h
(iv) Let p and p be the two prime ideals in k 2 lying above p. Then F (K 8 
Before proving Part 3 we recall the following result. 
(ii) Let P be a prime ideal of N dividing p and G 0 (P) its inertia group. Since N/N + is unramified at all the finite places, a 2 / ∈ G 0 (P) and G 0 (P) must be one of the four cyclic subgroups of order 4 of
For the second assertion, we suppose that there exists a prime r with (r, pq) = 1 which is ramified in N/Q. Its ramification index is equal to 2. There are at least two prime ideals lying above r in N . Let R be a prime ideal lying above r such that its inertia group
, which contradicts h K 8.1 = 1. Hence, p and q are the only prime divisors of d N .
( 
is a cyclic group of order 4. We claim that B = Hil(k 1 ). For every prime ideal lying above p in N + , its inertia group in the extension N + /k 1 is of order 2. Hence, it must be G(N + /B). Since the ramification index of q in N/Q is equal to 2, the prime ideal lying above q is unramified in N + /k 1 . By (ii) p and q are the only ramified primes in N/Q. Hence, B/k 1 is unramified at all the places. From Proposition 8 it follows that h B = 1, B = Hil(k 1 ), and the unique intermediate field
and k 1 has class number 2. According to [BLS, Proposition 1 
(iv) Using the discriminant-conductor formula for the abelian extension N/k 2 we can get the finite parts of the conductors F(χ)(= F (K 8 
For these 5447 pairs of (p, q) we compute explicitly κ L 4 . Using the better upper bound
For all of these 5447 pairs of (p, q) we compute the lower bounds in (H) and (I) respectively, and then take the smaller one. There are 5236 out of these 5447 pairs with h − N > 1. For the remaining 211(= 5447 − 5236) pairs of (p, q) we compute h
. We examine whether there exist Hecke characters χ of order 4 with conductor p∞ if p ≡ 1 mod 8, p 4 ∞ otherwise. There are 103 pairs of (p, q) that satisfy χ( 2 ) = 1 and χ(−1) = 1, where 2 denotes the fundamental unit of k 2 . For these 103 pairs of (p, q) we compute L(0, χ) by using the technique developed in [Lou8] to obtain that h
= 1 if and only if (p, q) ∈ {(17, 53), (89, 5), (137, 2)}. For these three fields we compute h − K 8.2 and verify that there is no pair of (K 8 Proposition 9 ( [JL] and [TW] ). There are 9 non-abelian groups of order 16 : LO2] and [Lou3] ). There are precisely 13 non-abelian normal CMfields M of degree 16 with relative class number one: five with
Proof. In [LO2] and [Lou3] the fields with relative class number one are known except for the fields which are composita of an abelian octic CM-field and a dihedral octic CM-field. There are four non-abelian CM-fields of degree 16 with class number one which are composita of an abelian octic CM-field and a dihedral octic CM-field with the same maximal totally real subfield ([Lou3] ). Using [CK] and [YK] we verify that those are the only such fields with relative class number one. 
Proof. By Theorem 2 (1) we have 
contains the complex conjugation τ , and
It is sufficient to take α and β as follows (with the notation of Proposition 9):
4.1. In this subsection we assume that Table 1 . Using [KT] we verify the following which will be used in the proofs of several propositions.
Lemma 7.
we compute the relative class numbers of their non-normal octic CM-subfields by using the technique developed in [Lou7] 
where χ is any one of four octic characters of degree one associated with the cyclic extension M 16 /k 2 . For all five subfields M 4 in M + in Table 1 we verify that ζ M 4 (s) ≤ 0 for s ∈ (0, 1), whence ζ M 16 (s) ≤ 0 for s ∈ (0, 1). Now, we apply Theorem 2, points (7) and (8), and get
Let D be the relative discriminant of the extension M 16 /M + 16 . Using (K) and (L) we obtain in Table 2 an upper bound
(ii) The fact that h 
In a normal extension K/k for a prime ideal Q of K we denote by G −1 (Q) and G 0 (Q) the decomposition group and the inertia group of Q, respectively. Since 
e b with e = 2 or 3 (indeed, we will see below e = 3) in the case that p = 2 and M + 16 is the real subfield M + of the fields numbered from 2 to 5 in Table 1 . (See Theorem 10.2.9 in [Co] and Theorem 119 in [He] .) We may assume that s is odd. Table 2 . 
there is no normal subgroup of order 2 such that its factor group is cyclic of order 4. Suppose now that J 1 and
and (17) = PP 2 in L 4 = Q( (13 + 2 √ 13)(9 + √ 13)/2). Assume that p|P 1 . The decomposition field of P 1 in the extension M 16.1 /Q( √ 13) must be one of the three 
Since two prime ideals J 1 and J 2 lying above 3 are ramified in the extension
The proof is complete.
In Propositions 16-18 below we deal with the composita
Lemma 9. Let L be an octic quaternion CM-field.
mod 4 if and only if L is a pure quaternion CM-field with
, where p, q, r, and s are odd primes with q ≡ 3 mod 8, p ≡ 1 mod 8, r, s ≡ 1 mod 4, and (
, where p 1 , p 2 , and p 3 are odd primes with p 1 ≡ 1 mod 4 and p 2 p 3 ≡ 1 mod 4. Since
is embedded in an octic quaternion field, (
, where m 1 and m 2 are square free positive integers. Third, we verify that 2 is totally ramified. Suppose the contrary. Say 2 is not ramified in Q( √ m 2 ). Then either (m 1 , m 2 ) = (2, p 1 p 2 ) or (m 1 , m 2 ) = (2p, q), where p 1 , p 2 , p, and q are odd primes satisfying p 1 p 2 ≡ 1 mod 4, ( (1) There is one and only one CM-field M 16 of degree 16 
Moreover this field has class number one.
Proof. | 4 (use Lemma 9), and we have
(2) follows immediately from (1). (3) and (4) [LO1] and [YK] there is only one octic dihedral CM-field
= 2 and Q L 8.2 = 1. For (3) we verify that there is only one imaginary abelian number field
and h CK] ). However, the compositum
is not appropriate for us since its maximal real subfield is the octic quaternion field Q( √ 2, √ 3, (2 + √ 2)(3 + √ 3)). Consequently, there is no field N with h − N = 1. For (4) we find all imaginary abelian number fields ≡ 0 mod 8. We verify that there is precisely one such field : Table II in [He] .) By using [KT] we verify that the class number of Q( 2 + √ 2, 3 + √ 3) is equal to one. 
. We can easily verify that M The following remark will be needed in the sequel: (2, 17), (5, 11), (5, 29), (3, 13), (21, 85), (10, 65)} ([LO1] and [YK] ). (b) Assume that (m 1 , m 2 ) ∈ S. Let l be a positive integer and 
Proposition 17.
(
is contained in two abelian CM-fields M 8.1 and L 8.1 of Galois group C * 4 × C 2 , and the compositum M 8.1 L 8.1 is an imaginary abelian number field with Galois group C * 4 × C * 4 or C * 4 × C 2 × C 2 . According to [CK] there is only one pair (m 1 , m 2 ) such that h
We verify that there is no quadruple of fields (
is an imaginary abelian number field with Galois group C *
We verify that there are two quadruples of fields (M 8.1 
For these two cases we verify that h
= 2, and h
Remark 4. We keep the notation in the proof of Proposition 17. Let
(a) In Proposition 17 (1) there are three possibilities : and G(T + 16 .1 /Q) = Q 8 (cf. Propositions 19 (1) and 20 (2) below).
We close this subsection with the following proposition. 
However, in case (a) we have M 
In this subsection we assume that G(M
+ 8 /Q) = Q 8 . Then G(M 16.1 /Q), G(M 16.2 /Q) ∈ {G 5 , G 8 }.
Proposition 19.
( ≥ 8. From Proposition 9 it follows that G (K 16 
and that there is only one octic quaternion CM-field with relative class number 2: Nr. Lou2] ). Moreover, this is the only imaginary pure quaternion extension of Q 
For the proof of Proposition 20 we need the following remark:
Remark 6. According to [LO1] and [YK] ∈ {1, 2, 4}. These fields are given in Table 3 .
(1) By Remark 6 there is no pair of (M 16.1 
(2) Suppose that h − N = 1. Then M 16.1 is one of the five fields M 16 in Table 3 . According to [LO2] 
There is no field M 16 in Table 3 ( (2) Suppose that h
, the only imaginary abelian number field with Galois group C * 4 × C 2 × C 2 of relative class number dividing 4 (see [CK] 
4.4. In this subsection we assume that , we assume that F(M 16.1 /F 8 ) = P 5 P 13 . Then M 16.1 is equal to the field K defined in Lemma 7, point (7). Let L 8 be any one of two non-normal octic CM-subfields of M 16.1 . Then L 
(see [CK] and [G] .
